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Disjointness problem

S={3,7,8,11} T={2,5,8,14}

|S ∩ T| ≟ 0

S,T⊆[m]

In Sparse Set Disjointness DISJk   |T|, |S|≤km



Previous work
Total Bits Rounds Error

𝛀(k), m≥k2 Arbitrary 1/3 Babai, Frankl, Simon 86

𝛀(k) Arbitrary 1/3
Kalyanasundaram, 

Schnitger 92, Razborov 
92, Bar-Yossef et al. 02

𝚶(k log k) 1 1/k Folklore

𝛀(k log k) 1 1/3
Folklore, Buhrman et al. 

13, Woodruff 08

𝚶(k) 𝚶(log k) 0.01 Håstad, Wigderson 93



Our contributions
Bits Rounds Error Best Previous

𝚶(k log(r) k) r 1/exp(r)(c log(r) k) 𝚶(k log k), for r=1

𝚶(k) log* k exp(-k1-𝜀)
𝚶(log k) rounds,

0.01 error 
0.01 error

𝛀(k log(r) k) r 1/3 error
𝛀(k)

𝛀(k log k), for r=1 

Defn: exp(r)(x) = 22
⋰2x



Our contributions
Bits Rounds Error Best Previous

𝚶(k log(r) k) r 1/exp(r)(c log(r) k) 𝚶(k log k), for r=1

𝚶(k) log* k exp(-k1-𝜀)
𝚶(log k) rounds,

0.01 error 
0.01 error

𝛀(k log(r) k) r 1/3 error
𝛀(k)

𝛀(k log k), for r=1 

Holds for any 
r ≤ log* k Defn: exp(r)(x) = 22

⋰2x
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• Finds the first k*,  Zk*⊇S

E[ k* ] = 1/p|S|• Pr[Zi⊇S] = p|S|, so

• Send k* to Bob: |S|log 1/p bits
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Run O(log k) rounds

Total = k + k/2 + k/4 + ⋯ = O(k)

➡ If S’=T’=∅, declare DISJOINT
➡ Otherwise, declare INTERSECT
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Our bound: Rr(DISJk)≤O(k log(r) k)

Run r rounds

➡ If S’=T’=∅, declare DISJOINT
➡ Otherwise, declare INTERSECT

• pi = 1/exp(i)(5 log(r) k)

• if S ∩T=∅, in r rounds S’=T’=∅

Fact 1

Fact 2 |messagei| ≤ 5k log(r) k / 2i

|messagei| ≤ ∏  pi-2t+1 |S| log 1/pi

k

exp(i-1) exp(i-3)
≤ log exp(i)

For i>3,
≤ k / 2i

t=1
i/2
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• Stronger lower bound: easier problem 

exists-equal (EE)

• Let x,y∈[t]n

3 4 4 5 1

2 3 4 2 4

x:

y:

So EE(x,y)=1

• EEn(x, y) = 1 iff ∃i, xi=yi
t
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2 3 4 2 4

• EEn is OR of n equality problems over [t].

• EEn = DISJn
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=

|S| = |T| = n

S, T ⊂ [nt]

t tn

t
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The lower bound

• Show: any r-round EE protocol communicates        
Ω(n log(r) n) bits.

• EE is OR of n equality problems, so decompose to 
subproblems

• Show Ω(log(r) n) lower bound per subproblem

• Equality has O(1) bit communication protocol

• We get super-linear increase in complexity!
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The lower bound
By Yao’s lemma, sufficient to consider deterministic 
protocols with random input

๏ Set t=4n

๏ Hard distribution ν: (x,y)∈ [t]n x [t]n, uniform random

๏ 3/4 ⩽ Pr(x,y)~ν[EE(x,y)=0] = (1-1/(4n))n ⩽ e-1/4 < 0.78

๏ ⇒ Any 0-round protocol has 0.22 error
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Round elimination

Observe 10C=𝛐(n’ log(r-1) n’)
Contradicts induction hypothesis!

Thm: No r-round C = O(n log(r) n)-bits 
protocol for EEnt

Induction on r:

⇒construct

Note: 
t’=4n’

(r-1)-round 10C-bits protocol for EEn’ where 
n’=n/B and t’=t/B B=2C/n

t’

r-round C=𝛆n log(r) n-bits 

protocol for EEn
t
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• At most half the inputs are gone

• Fix the most frequent message m*

• Let S⊆[t]n be inputs on which m* is sent

• C-bits protocol ⇒ ≤2C different messages

• |S| ≥tn/2C+1
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• This is needed as Pr[P(X’,Y)≠EE(X,Y)]≤2δ 
only if Y | X’ is uniform

We show H(Y | X’) = n log t - O(1)

② Y | X’ is ≈uniformShow:
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What is the worst case S?

S
Nx

•This intuition is correct even in 
high dimensions

•Even for the Hamming distance



An isoperimetric inequality 
on [t]n

Conjecture: Let S⊆[t]n,  |S| = kn (k < t). Then

E[log |B(x, d) ∩ S|] ≥ E[log |B(x, d) ∩ [k]n|]

where:
x:         uniform random 
B(x,d):  radius-d Hamming ball around x
log 0:   -1.



An isoperimetric inequality 
on [t]n

Conjecture: Let S⊆[t]n,  |S| = kn (k < t). Then

E[log |B(x, d) ∩ S|] ≥ E[log |B(x, d) ∩ [k]n|]

where:
x:         uniform random 
B(x,d):  radius-d Hamming ball around x
log 0:   -1.

Theorem (informal): For any S⊆[t]n,  
∃ I ⊂ [n], |I|=n/5, the conjecture is true in the 
projected space
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Review

• Tight round / communication tradeoff for DISJ

• Super-sum for OR of equality: R(EEn) = ω(n) . R(EQ)

• New perspective for direct sum: Isoperimetric 
considerations



Conjecture: Let S⊆[t]n,  |S| = kn (k < t). Then

E[log |B(x, d) ∩ S|] ≥ E[log |B(x, d) ∩ [k]n|]

where:
x:         uniform random 
B(x,d):  radius-d Hamming ball around x
log 0:   -1.

Thank You!


