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S, TC[m]
In Sparse Set Disjointness DISJ' |T|, |S|<k
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[
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® /i:random, Vag[m], Pr[aeZi]=p
¢ Finds the first k*, Z,.-2S

e Pr[Zi2S] = piS, soE[ k* ] = 1/plS
® Send k* to Bob: |S|log 1/p bits
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[

S: oo‘ooo‘oo

Run O(log k) rounds

= |f S’=T'=3, declare DISJOINT
= Otherwise, declare INTERSECT

Cost: |S’| bits per round
Total = k + k/2 + k/i4 + --- = O(k)
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Our bound: R(DI§)k) =<O(k log(r) k)

Run r rounds

= |f S'=T'=g, declare DISJOINT

= Otherwise, declare INTERSECT

For i>3,

® p; = 1/exp)(5 log" k)
o fSNT=3,inr rounds S=1T"=

Imessage;| < 5k Iog('”) k /2
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Exists-equal problem

® EEf is OR of n equality problems over [t].
® EE; = DISJT

3 4 5 I ° ° o0
2 3 2 4 ° ° °

5| =[T]=n
S, T ¢ [nt]
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The lower bound

Show: any r-round EE protocol communicates
(Q(n log(" n) bits.

EE is OR of n equality problems, so decompose to
subproblems

Show Q(log h) towerbeund par subproblem

Equality has O(1) bit communication protocol

We get super-=linear increase in complexity!
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The lower bound

By Yao’s lemma, sufficient to consider deterministic
protocols with random input

e Set t=4n
e Hard distribution Vv: (x,y)e [t]" x [t]", uniform random
© 3/4 < Priy~v[EE(x,y)=0] = (1-1/(4n))» < 14 < 0.78

e = Any 0-round protocol has 0.22 error
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Round elimination

Thm: No r-round C = O(n log") n)-bits
protocol for EES

Induction on r:

r-round C=gen log(") n-bits construct

—

protocol for EE}

(r-1)-round 10C-bits protocol for EES where

n’=n/B and t'=t/B

Observe 10C=0(n’ log(~1) n’) Note:
Contradicts induction hypothesis! t'=4n’
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Fixing the first message

® Throw xo, Pry[P(xo,y) #EE(xo,y)] =20

e\ At most half the inputs are gone
¢ Fix the most frequent message

® | et 5C[t]" be inputs on which is sent

® C-bits protocol = <2C different messages

o >tn/2C+1



r-round protocol for EEf =
(r-1)-round protocol for

B = )C/n
n = n/B S [t]
uyv € [t]" S
S
U >UB
repeat B times X
v >VE
> S



r-round protocol for EEf =
(r-1)-round protocol for

B = )C/n
n=n/B S [t]
uyv e [t'] S
S
U >UB
repeat B times X
v >VE
> S



r-round protocol for EEf =
(r-1)-round protocol for

B = )C/n
n=n/B S [t]
uyv e [t'] X\ S
S
U >UB
repeat B times X
v >VE

> S



r-round protocol for EEf =
(r-1)-round protocol for

B = )C/n
n=n/B S [t]
uyv e [t'] X\ S
S
U >UB
repeat B times X
v >VE

S
S
(1)EE(u,v)=~EE(X,Y)



r-round protocol for EEf =
(r-1)-round protocol for

B = )C/n
n=n/B
uyv € [t]"
U >UB
repeat B times
v >VE

(1)EE(u,v) =EE(X,Y)

(2)Y | X’ is =uniform

o S
\ s
X

> S

[t]"



r-round protocol for EEf =
(r-1)-round protocol for

B = )C/n
n"=n/B S [
uyv e [t'] X\ S
. S
§ > U
repeat B times X
% >VE

Y : ;
(1)EE(u,v)=~EE(X,Y)
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® N,=S n Ball(X,n(1-1/B))
® X’:uniform in Nx @)6(’65 = first message fixed

X:328 5(9]2 3[7]16(3]9 619(7|7|4]12|5 5(8

Y: [i1s[30 17[3]9 17
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® N,=S n Ball(X,n(1-1/B))
® X’:uniform in Nx @)6(’65 = first message fixed

X:328 5(9]2 3[7]16(3]9 619(7|7|4]12|5 5(8

Y: [i1s[30 17[3]9 17

X 12(4|7(2]5]1]4]6]3 g8l313(8[2|9/6|2|5I5|8

Y:I83I7393I 217(513[117]16]3]7 7|3

About one match survives, so EE(u,v)=1 = EE(X,Y)=1

Since t=4n, Pr[Phantom] < 1/4, so EE(u,v)=0 = EE(X’,Y)=0
(1EE(u,v)=~EE(X,Y)



@

® N,=S n Ball(X,n(1-1/B))
® X’:uniform in Nx @)6(’65 = first message fixed

X:328 5(9]2 3[7]16(3]9 619(7|7|4]12|5 5(8

Y: [i1s[30 17[3]9 17

X 12(4|7(2]5]1]4]6]3 g8l313(8[2|9/6|2|5I5|8

Y:I83I7393I 217(513[117]16]3]7 7|3

About one match survives, so EE(u,v)=1 = EE(X,Y)=1

Since t=4n, Pr[Phantgm] < 1/4, so EE(u,v)=0 = EE(X’,Y)=0
EE(u,v)=EE(X,Y)
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Show: (2)Y | X is =~uniform

® This is needed as Pr[P(X’,Y)#EE(X,Y)] <20
only if Y | X" is uniform

We show H(Y | X’) = nlog t - O(1)



X:328 5(9]2 3[{716(3|191416(9|7|714(2]5 5(8

Y: [1Ts[3F T 73Te N T T2 2 s 1311 [l 631750 713

L: Set of | |, intentional matches of X,Y

Entropy loss comes from coordinates in L
Entropy loss = [L|log t - H(XL| L, X')
< |L|log t - (|L|/n)H(X| X')



X: [3]2]s

Y: [1]s]3

L: Set of

intentional matches of X,Y

Entropy loss comes from coordinates in L

Entropy loss = [L|log t - H(XL| L, X)

=<

L{log t - (|L|/n)H (X | X)
(Han-Shearer)
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Want to lower bound H(C | X)

i.e., log |[Nx| for uniform random x

Recall Nx= S n Ball(X, n(1-1/B))
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What is the worst case S?

e This intuition is correct even in
high dimensions



What is the worst case S?

e This intuition is correct even in
high dimensions

*Even for the Hamming distance



An isoperimetric inequality
on [t]"
Conjecture: Let SC[t]", |S| = k" (k < t).Then
E[log |B(x, d) n S|] = E[log [B(x, d) n [k]"|]

where:
X: uniform random
B(x,d): radius-d Hamming ball around x

log 0: -1.



An isoperimetric inequality
on [t]"
Conjecture: Let SC[t]", |S| = k" (k < t).Then
E[log |B(x, d) n S|] = E[log [B(x, d) n [k]"|]

where:
X: uniform random
B(x,d): radius-d Hamming ball around x

log 0: -1.

Theorem (informal): For any SC[t]n,
3 | c [n], |l|=n/5, the conjecture is true in the

projected space
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Review

® Tight round / communication tradeoff for DIS]
® Super-sum for OR of equality: R(EE,) = w(n) . R(EQ)

® New perspective for direct sum: Isoperimetric
considerations



Conjecture: Let SC[t]", [S| = k» (k < t).Then
E[log |B(x, d) n S|] = E[log [B(x, d) n [k]"[]

where:
X uniform random
B(x,d): radius-d Hamming ball around x

log 0: -1.

Thank You!



